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Abstract While the goal of robotic bipedal walking to date has been the
development of anthropomorphic gait, the community as a whole has been
unable to agree upon an appropriate model to generate such gait. In this
paper, we describe a method to segment human walking data in order to gen-
erate a robotic model capable of human-like walking. Generating the model
requires the determination of the sequence of contact point enforcements
which requires solving a combinatorial scheduling problem. We resolve this
problem by transforming the detection of contact point enforcements into a
constrained switched system optimal control problem for which we develop
a provably convergent algorithm. We conclude the paper by illustrating the
performance of the algorithm on identifying a model for robotic bipedal walk-
ing.

1 Introduction

Bipedal robotic walking has been extensively studied with the principal am-
bition of achieving anthropomorphic gait. The generation of human-like gait
would have a dramatic impact on the design of robotic assistive devices and
prosthetics [1, 3, 23]. Unfortunately this goal that had originally motivated
many roboticists to study bipedal rather than quadrupedal or hexapedal
robotics has been primarily ignored in favor of studying the generation of
any type of stable or energy minimizing gait. This transformation of purpose
is best reflected in the disparate number of models considered in the liter-
ature. These bipedal models are differentiated by not only considering the
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number of degrees of freedom i.e. the inclusion of knees or feet, but also by
considering the temporal ordering of events or discrete phases during walking
termed a domain breakdown.

Traditionally most models of bipedal robots employed a single domain
[11, 24, 27], which assumes an instantaneous double support phase and usu-
ally excludes the presence of feet (models of this form began with the so-called
compass gait biped, which did not have knees or feet). Adding feet to the
bipedal robot results in the need to extend the domain breakdown beyond a
single discrete phase, which is typically done by either adding a phase where
the heel is off the ground or a double support phase where both feet are
on the ground, or any combination thereof [6, 25]. Adding knees that lock
further complicates the picture, forcing the need to have phases in which the
knee is locked and unlocked [5, 7, 14, 22]. When one considers a biped with
knees and feet, the possible number and type of domain breakdowns becomes
daunting. At this point, depending on the researcher and the objective, dif-
ferent temporal orderings have been chosen ranging from one discrete phase
to five, e.g., [12] considers one, [6, 25] considers two, [19] considers three,
[5, 13] considers four and [22] considers five.

This lack of consistency among models in the literature motivates the de-
sire to determine if there does in fact exist a “universal” model dictated by
empirical observation of human gait that should be used by bipedal robots
in order to generate human-like gait. Biomechanists have worked diligently
employing such observation to detail how the musculoskeletal system be-
haves during walking [4, 18, 20, 28] and have segmented human walking
gait by considering shock absorption, initial limb stability and preservation
of progression into seven distinct qualitatively described functional phases
[16]; however, since a robotic biped and human employ fundamentally dis-
tinct constructs in order to generate gait, these empirical observations alone
are insufficient in guiding a bipedal roboticist to a mathematical model of a
robotic biped. The idea of employing such observations is not novel in the
robotics community either as some roboticists have fixed a robotic model of
a biped and tracked the human trajectories in order to generate controllers
for this fixed model robotic biped [23]. We instead seek a method to extract
a mathematical model of a biped from empirical observation of human gait.

Recently, we devised a means to view these empirical observations in a
fashion that allowed for the separation of a mathematical model into a piece
that was determined by the construction of the biped, i.e. an intrinsic com-
ponent corresponding to the Lagrangian, and a piece that reflected a choice
made by the roboticist, i.e. an extrinsic component corresponding to the
sequence of contact point enforcements [2]. This abstraction of human walk-
ing which we detail in this paper, allowed us to segment flat-ground human
walking by determining the sequence of constraint enforcements via a func-
tion fitting approach [2] and a persistent homology approach [26] which both
produced an identical “universal” model of flat-ground human walking. This
insight allowed for the construction of a control law via feedback lineariza-
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tion that produced human-like gait [21]. Though this abstract view of human
walking allowed for a means to segment human walking, the ad hoc method
used to perform this segmentation limited the utility of our approach to flat-
ground walking.

The goal of this paper is to resolve the makeshift nature of our system iden-
tification scheme. We accomplish this task by translating our determination
of the sequence of contact point enforcements into a constrained nonlinear
switched system optimal control problem. A switched system is a system
whose state is governed by a finite number of differential equations. The con-
trol parameter for such systems has a discrete component, the sequence of
modes, and two continuous components, the duration of each mode and the
continuous input. The difficulty with the optimal control of such systems is
that it requires the resolution of a mode scheduling problem. We recently
resolved this shortcoming by developing a bilevel hierarchical algorithm that
divided the problem into two nonlinear constrained optimization problems
[9, 10]. The result, which we describe in this paper, is an algorithm that
provides a sufficient condition to guarantee the local optimality of the mode
duration and continuous input while decreasing the overall cost via mode
insertion. Importantly this provides a way to automatically generate a model
of a bipedal robot capable of generating anthropomorphic gait from human
data.

This paper is organized as follows: Section 2 describes how the Lagrangian
of a biped together with a temporal ordering of constraints completely de-
termines a mathematical model of a biped; Section 3 describes how to recast
the problem of contact point enforcement into a constrained switched sys-
tem optimal control problem; Section 4 describes an algorithm to solve this
problem; Section 5 describes the performance of the algorithm; and Section
6 concludes the paper.

2 From Constraints to Robotic Models

In this section, we begin by describing the tool employed in the literature
to describe bipedal walking robots: hybrid systems and then show how a
Lagrangian for the biped that is intrinsic to it along with the sequence of
active constraints (chosen by a robotocist) allows one to explicitly construct
a hybrid system model of a biped. Hybrid systems have been studied in a
variety of contexts and have been used successfully to model bipeds since
they naturally display both discrete and continuous behavior. We begin by
defining a class of hybrid systems able to mathematically formalize bipedal
walking.

Definition 1. A hybrid dynamical system in a cycle is a tuple

H C = (Γ,D, U, S,∆, F ),
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where

• Γ = (V,E) is a directed cycle where V is the set of vertices with each
vertex corresponding to a mode of the system and E is the set of edges,

• D is the domain where D ≡M ×U ⊂ R
n ×R

m and M is the state space
and is an embedded smooth submanifold of Rn,

• U ⊂ R
m is the set of controls where U is a compact connected set con-

taining the origin,
• S = {Se}e∈E is a set of guards, where Se ⊆ D,
• ∆ = {∆e}e∈E is a set of reset maps, where ∆e : Se|M → M is a smooth
map,

• F = {fv}v∈V , where fv is a control vector field onM , i.e., fv(x, u) ∈ TxM .

2.1 Modeling an Unconstrained Biped

To understand how to model a robotic biped, consider a configuration space
for the biped Q, i.e., a choice of (body or shape) coordinates for the robot
where typically q : [0,∞) → Q is a function describing the evolution of a
collection of (relative) angles between each successive link of the robot. The
Lagrangian of a bipedal robot, L : TQ→ R, can be stated in terms of kinetic
and potential energies as:

L(q(t), q̇(t)) = K(q(t), q̇(t)) − V (q(t)), (1)

where (q(t), q̇(t)) ∈ TQ. The Euler-Lagrange equations yield the equations
of motion, which for robotic systems are stated as:

D(q(t))q̈(t) +H(q(t), q̇(t)) = B(q(t))u(t), (2)

where D(q(t)) is the inertia matrix, B(q(t)) is the torque distribution ma-
trix, B(q(t))u(t) is the vector of actuator torques and H(q(t), q̇(t)) contains
the Coriolis, gravity terms and non-conservative forces grouped into a single
vector [15].

The continuous dynamics of the system depend on which constraints are
enforced at any given time, while the discrete dynamics depend only on the
temporal ordering of constraints. Constraints and their enforcement are dic-
tated by the number of contact points of the system. Explicitly, let the set of
contact points be C = {c1, c2, . . . , ck}, where each ci is a specific type of con-
tact possible in the biped, either with the ground or in the biped itself (such
as the knee locking). Contact points introduce holonomic constraints on the
system, which are vector valued functions ηc : Q → R

nc , that must be held
constant for a contact point to be maintained, i.e., ηc(q(t)) = constant ∈ R

nc

fixes the contact point but allows rotation about this point if feasible. It is
useful to express the collection of all holonomic constraints in a single diago-
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nal matrix η(q(t)) ∈ R
nc×|C|. Another class of constraints that are important

are unilateral constraints, hc for c ∈ C, which are scalar valued functions,
hc : Q → R, that dictate the set of admissible configurations of the system;
that is hc(q(t)) ≤ 0 implies that the configuration of the system is admissible
for the contact point c. These constraints can also be put in the form of a
diagonal matrix h(q(t)) ∈ R

|Q|×|Q|. A domain breakdown is a directed cycle
together with a specific choice of contact points on every vertex of that graph.
That is if C = {c1, c2, . . . , ck} is a set of contact points and Γ = (V,E) is a
directed cycle then a domain breakdown is a function B : Γ → Z

k
2 such that

B(v)i = 1 if ci is in contact on v and B(v)i = 0 otherwise.

2.2 A Hybrid Dynamical Model of a Biped

We now demonstrate that given a Lagrangian, a directed cycle, and a do-
main breakdown, a hybrid system can be explicitly constructed. Since the
Lagrangian is intrinsic to a robot, this result proves that a domain break-
down, which is determined by the enforced contact points, alone dictates the
mathematical model of a biped.

The domain of the hybrid system is the direct product of the tangent
space of the configuration space of the robot and the input space U which
is dictated by the set of available actuators on the robot. The vector field
in each mode is constructed by imposing the constraints as specified by the
domain breakdown. For the mode v ∈ V , the holonomic constraints that are
imposed are given by:

ηv(q(t)) = η(q(t))B(v), (3)

where the domain breakdown dictates which constraints are enforced. Differ-
entiating the holonomic constraint yields a kinematic constraint:

Jv(q(t))q̇(t) = 0, (4)

where Jv(q(t)) = RowBasis
(

∂ηv(q(t))
∂q

)
is a basis for the row space of the Ja-

cobian (this removes any redundant constraints so that Jv has full row rank).
The kinematic constraint yields the constrained dynamics in that mode:

D(q(t))q̈(t) +H(q(t), q̇(t)) = B(q(t))u(t) + Jv(q(t))Fv(q(t), q̇(t), u(t)) (5)

which enforces the holonomic constraint; here D, H and B are as in Equa-
tion (2) and Fv(q(t), q̇(t), u(t)) is a wrench [15]. To determine the wrench
Fv(q(t), q̇(t), u(t)), we differentiate the kinematic constraint and combine this
result with Equation (5):

Fv(q, q̇, u) = J−1
v (q)

[
D(q)J−1

v (q)
(
J̇v(q)q̇

)
+H(q, q̇)−B(q)u

]
, (6)
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where we have suppressed the dependence on t in q, q̇, and u. Therefore,
for x(t) = (q(t), q̇(t)), substituting Equation (6) into Equation (5) yields the
control vector field fv(x(t), u(t)). Importantly, notice that only the holonomic
constraints but not the unilateral constraints appear in the control vector field
and that the actual position to be maintained by the contact point as dictated
by the holonomic constraints never appears inside of the control vector field.

We now construct the guards and reset maps for a hybrid system using the
domain breakdown. From the wrench Fv(q(t), q̇(t), u(t)), one can ensure that
the contact point is enforced by considering inequalities on the friction which
can be stated in the form: µv(q(t))

TFv(q(t), q̇(t), u(t)) ≤ 0, with µv(q(t))
a matrix of friction parameters and constants defining the geometry of the
contact point (see [13] for more details). These are coupled with the unilateral
constraint in each mode, hv(q(t)) = h(q(t))B(v), to yield the set of admissible
configurations:

Av(q(t), q̇(t), u(t)) =

[
µv(q(t))

TFv(q(t), q̇(t), u(t))
hv(q(t))

]
≤ 0. (7)

The guard is just the boundary of the domain with the additional assumption
that the set of admissible configurations is decreasing, i.e., the vector field is
pointed outside of the domain, or for an edge e = (v, v′) ∈ E,

Ge = {(q, q̇, u) ∈ TQ× U : Av(q, q̇, u) = 0 and Ȧv(q, q̇, u) ≤ 0}, (8)

where we have suppressed the dependence on t in q, q̇, and u. The reset map
is derived by considering the impact equations which are given by considering
the constraints enforced on the subsequent mode. For an edge e = (v, v′) ∈ E,
the post-impact velocity q̇(t+) is given in terms of the pre-impact velocity
q̇(t−) and determines the reset map:

Re(q(t
−), q̇(t−)) =

[
q(t−)

(I −D−1JT
v′(Jv′D−1JT

v′)−1Jv′)q̇(t−)

]
, (9)

where I is the identity matrix, Jv′ is the Jacobian matrix in mode v′, D is the
inertia matrix, and we have suppressed the dependence on q(t) in the Jaco-
bian and inertial matrices. The result of this analysis is that given a domain
breakdown and a bipedal robot (which determines just the unconstrained
Lagrangian), the hybrid model for the biped is completely determined. If we
then segment human walking by considering the sequence of contact point
enforcements, we can extract a hybrid model for a biped that is capable of
generating human-like gait. Unfortunately the determination of this sequence
from human data requires resolving a combinatorial problem.
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3 Switched Optimal Control Formulation

To address this combinatorial problem, remember that given a biped and a set
of contact points one can immediately write down a finite set of constrained
control vector fields indexed by V since only the holonomic constraints affect
the vector field and the value that must be maintained by the contact point
as dictated by the holonomic constraint never appears in the control vector
field. The set of constraints do not immediately translate into a set of guards
since the value of the unilateral constraint is required. In order to determine
the sequence of contact point enforcements, we can track the human data
by choosing the optimal sequence of vector fields wherein we allow arbitrary
switching between vector fields. In this section, we describe how to address
this problem.

Any trajectory of a switched system is encoded by a sequence of discrete
modes, a corresponding sequence of times spent in each mode, and the con-
tinuous input over time. To formalize the optimal control problem, we define
four spaces: Σ is the discrete mode sequence space, S is the transition time
sequence space, U is the continuous input space, and N

W is the objective
mapping space, where W ∈ N. We begin by describing each of these spaces
in detail. For notational convenience we define an additional vector field,
f0(·, ·) = 0, in which the trajectories stop evolving. The discrete mode se-
quence space is most readily thought of as an infinite dimensional space with
elements that contain only a finite number of non-zero vector fields:

Σ =

∞⋃

N=1

{
σ ∈ (V ∪ {0})

N
∣∣ σ(j) ∈ V j ≤ N, σ(j) = 0 j > N

}
. (10)

We define #σ = max{j ∈ N | σ(j) 6= 0}, i.e. #σ is the number of modes in
the sequence. Second, let an element of the transition time sequence space be
a sequence whose elements correspond to the amount of time spent in each
discrete mode:

S =

∞⋃

N=1

{
s ∈ l1

∣∣ s(j) ≥ 0 ∀j ≤ N, s(j) = 0 ∀j > N
}
, (11)

where l1 denotes the space of absolutely summable sequences. Third, we
define the continuous input space, U :

U =
{
u ∈ L2([0,∞),Rm) | u(t) ∈ U, ∀t ∈ [0,∞)

}
. (12)

Finally, let the objective mapping space, N
W , be the set of W–tuples

with elements in the natural numbers, where W is equal to the number of
objectives in our problem, which we soon define. Elements in this space define
a mapping between each of our objectives and an element of our discrete mode
sequence space. These objectives as we show below are useful in ensuring that
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our algorithm “sees” the changes in contact point enforcement. We combine
these four spaces together to define our optimization space, X , as follows:

X =
{
(σ, s, u, w) ∈ Σ × S × U × N

W | s(k) = 0 ∀k > #σ, and w(i) ≤ #σ ∀i
}
,

and we denote ξ ∈ X by a 4–tuple ξ = (σ, s, u, w). Maintaining the notion of
absolute times, which we call the jump time sequence µ : N× X → [0,∞) is
also useful:

µ(i; ξ) =

{
0 if i = 0∑i

k=1 s(k) if i 6= 0.
(13)

Let µf (ξ) = ‖s‖l1 =
∑∞

k=1 s(k). We also define, π : [0,∞)× X → (V ∪ {0})
to return the mode corresponding to an absolute time t:

π(t; ξ) =





σ(min{i | µ(i; ξ) > t}) if t < µf (ξ)

σ(#σ) if t = µf (ξ)

0 if t > µf (ξ)

(14)

We suppress the dependence on ξ in µ, π, and µf whenever the choice of ξ
is clear in context. For notational convenience, we write µ(i) for µi.

Given ξ ∈ X and x0 ∈M , the corresponding trajectory, x(ξ), is the solution
to:

ẋ(t) = fπ(t)
(
∆(π(t−),π(t+)) (x(t)) , u(t)

)
, ∀t ≥ 0, x(0) = x0, (15)

where ∆ is the reset map (when π(t−) = π(t+) ∆ is assumed to be the
identity) and where we have suppressed the dependence on x0 in x(ξ). Let
the cost function J : X → R for our optimization problem be defined as:

J(ξ) =

∫ µf

0

L
(
x(ξ)(t), u(t), t

)
dt+

W∑

i=1

φi
(
x(ξ)(µw(i), µw(i))

)
. (16)

Given ξ ∈ X and a finite set of functions, rj :M → R, j ∈ J we constrain
the state by demanding the state satisfy rj

(
x(ξ)(t)

)
≤ 0 for each t ∈ [0, µf ]

and each j ∈ J . Moreover given ξ ∈ X and a finite set of functions, gk : S →
R, k ∈ K we constrain the transition times by requiring they satisfy gk(s) ≤ 0
for each k ∈ K. We compactly describe all the constraints by defining a new
function ψ:

ψ(ξ) = max

(
max
j∈J

max
t∈[0,µf ]

rj
(
x(ξ)(t)

)
,max
k∈K

gk(s)

)
. (17)

With these definitions, we can state our problem.
Multiple Objective Switched System Optimal Control Problem:
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min
ξ∈X

J(ξ)

s.t. ψ(ξ) ≤ 0
(18)

Since we are interested in the construction of an algorithm that provably
converges to minima of our problem, we make the following assumptions on
the dynamics, cost, and constraints:

Assumption 1 The functions L and fv are Lipschitz and differentiable in
x and u for all v ∈ V . In addition, the derivatives of these functions with
respect to x and u are also Lipschitz.

Assumption 2 The functions φi, rj , and gk are Lipschitz and differentiable
in their argument for all i ∈ {1, . . . ,W}, j ∈ J and k ∈ K. In addition,
the derivatives of these functions with respect to their arguments are also
Lipschitz.

Assumption 1, together with the controls being measurable and uniformly
bounded functions, is sufficient to ensure the existence, uniqueness, and
boundedness of the solution to our differential equation (15). Assumption
2 is a standard assumption on the objectives and constraints and is used to
prove the convergence properties of the algorithm defined in the next section.

4 Algorithm Design

In this section, we present an optimization algorithm to determine a numeri-
cal solution to our problem. Since the focus of this paper is the application to
bipedal walking, we focus on presenting a high-level description of the algo-
rithm, but a more explicit description of the various pieces of the algorithm
and a proof of its convergence can be found in [9, 10].

Given ξ ∈ X , the algorithm works by employing a variation, ρ, that inserts
a mode α̂ and control û at time t̂ into ξ for a length of time determined by the
argument to the variation. The algorithm stops when this variation does not
produce either a reduction in the cost or infeasibility. Since the initialization
of an optimization algorithm can be non-trivial, we construct an algorithm
known in the optimization literature as a Phase I/Phase II algorithm [17].
A Phase I algorithm takes any point in the optimization space and finds
a feasible point, and a Phase II algorithm finds a local minimum given a
feasible point as an initial condition. Our algorithm divides the problem into
two nonlinear constrained optimization problems:
Bi-Level Optimization Scheme

Stage 1: Given a fixed discrete mode sequence, employ a Phase I/Phase II
algorithm to find either a locally optimal transition time sequence
and continuous control or a locally optimal infeasible transition time
sequence and continuous control.
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Stage 2: Given a transition time sequence and continuous control, employ
the variation, ρ, to modify the discrete mode sequence to find ei-
ther a lower cost discrete mode sequence if the initialization point
is feasible, or find a less infeasible discrete mode sequence if the
initialization point is infeasible. Repeat Stage 1 using the modified
discrete mode sequence.

In order to formalize this description, notice first that Stage 1 can be trans-
formed into a classical optimal control problem over the switching instances
and continuous control by employing the time-free transformation (Section 5
of [10] describes this transformation). Let â : S × U → S × U be a function
that solves Stage 1. To formalize Stage 2, we begin by defining the variation,
ρ. Given ξ ∈ X , consider an insertion of a mode, α̂ and control, û, at time
t̂. This insertion is characterized by η = (α̂, t̂, û) ∈ Hξ ≡ Q × Tξ × U where
Tξ = [0, µf ]. Given ξ ∈ X and η ∈ Hξ, we let ρ : [0,∞) → X denoted ρ(η)(λ)
describe this type of insertion (ρ is defined explicitly in Definition 2 in [10],
its argument denotes the duration of the insertion, and we have suppressed
the dependence on ξ). Figure 1 illustrates a pair (σ, s) after they are modified
by the function ρ(η).

We employ the variation, ρ, to characterize when an optimal point has
been reached. Observe that after Stage 1 the only way to locally reduce the
cost or infeasibility is by modifying the discrete mode sequence. Given this
procedure, a point ξ = (σ, s, u, w) ∈ X satisfies our optimality condition if
(s, u) is a locally optimal solution to Stage 1 and if the best modification of
the discrete mode sequence via the variation, ρ, does not produce a decrease
in the cost, J , whenever the point ξ is feasible, or does not produce a decrease
in the constraint, ψ, whenever the point ξ is infeasible.

Given any function F : X → R
k for some k ∈ N, let us define the direc-

tional derivative of F composed with ρ for λ > 0 by:

D(ξ,η)F = lim
λ↓0

1

λ

[
F
(
ρ(η)(λ)

)
− F (ξ)

]
(19)

s:

µ(0) µ(i)

σ(i+ 1)

s(i+ 1)

σ(1)

s(1)

µ(1)

σ(i− 1)

s(i− 1)

µ(i− 1)

α̂

λ

σ(i)

t̂− µ(i− 1)− λ
2

σ(i)

µ(i)− t̂− λ
2

σ(N)

s(N)

µft̂− λ
2

t̂+ λ
2

ρ
(η)
σ (λ):

ρ
(η)
s (λ):

µ(0)

σ(1)

s(1)

µ(1)

s(i− 1)

µ(i− 1)

σ(i− 1)

µ(i)

s(i+ 1)

σ(i+ 1)

s(N)

σ(N)

µft̂

σ(i)

s(i)

σ:

Fig. 1 Diagram illustrating the transition from σ to ρ
(η)
σ (λ) and s to ρ

(η)
s (λ). The top

line is the original σ and s, and the bottom line shows the result for λ > 0.
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In order to check if we have arrived at a point that satisfies the optimality
condition, we first study the effect of the variation, ρ, on the cost, J , using
the first order approximation of its change due to the insertion, D(ξ,η)J . If
this derivative is negative, then one can argue that it is possible to decrease
the cost via the variation. Second, consider the first order approximation of
our constraint, ψ, with respect to ρ, denoted by D(ξ,η)ψ, to determine if the
infeasibility decreases due to the insertion. Again if this derivative is negative,
then it is possible to decrease the infeasibility via the variation. Using these
results, we define an optimality function, θ : X → (−∞, 0]:

θ(ξ) = min
η∈Hξ

ζ(ξ, η), ζ(ξ, η) =

{
max

{
D(ξ,η)J,D(ξ,η)ψ + γ1ψ(ξ)

}
if ψ(ξ) ≤ 0,

max
{
D(ξ,η)J − γ2ψ(ξ), D

(ξ,η)ψ
}

if ψ(ξ) > 0,

(20)
where γ1, γ2 > 0 are design parameters. Note that θ(ξ) ≤ 0 for each ξ ∈ X ,
since given a value ξ we can always perform an insertion that leaves the
trajectory unmodified, e.g. given ξ ∈ X and t̂ ∈ Tξ choose η = (π(t̂), t̂, u(t̂)),
hence in that case D(ξ,η)J = D(ξ,η)ψ = 0.

To appreciate the utility of our optimality function consider three cases.
First, if at a feasible point, ψ(ξ) ≤ 0, and if θ(ξ) < 0, then a mode insertion
which reduces the cost while remaining feasible is possible. Second, if at an
infeasible point, ψ(ξ) > 0, and if θ(ξ) < 0, then a mode insertion which
reduces the infeasibility without resulting in too large an increase in the
cost is possible. Third, if we are at a feasible point and the cost cannot
be decreased using the variation ρ, or if we are at an infeasible point and
the infeasibility cannot be decreased using the variation ρ, then θ(ξ) = 0.
Therefore, the optimality function can serve as a stopping criterion for the
Bi-Level Optimization Scheme since its zeros encode points that satisfy our
optimality condition. Note that the γ1, γ2 terms in the optimality function
capture the possibility that the reduction in cost or constraint may result
in too large an increase in the infeasibility or cost, and therefore maybe
undesirable (Section 2.5 of [17] describes this utility).

An insertion that reduces the cost or infeasibility tells us nothing about
the length of time to actually perform an insertion for. Comparing our al-
gorithm to a simple finite dimensional optimization algorithm, knowing that
an insertion is plausible would compare to knowing that the gradient of the
cost function was negative. During finite dimensional optimization, a step
size in the direction of the gradient is chosen by performing a linear search.
We can apply an identical algorithm in this instance. Given α, β ∈ (0, 1), let
the maximum insertion length be:

λ(ξ,η) = max
k∈N

{
βk | ψ

(
ρ(η)(βk)

)
≤ 0, J

(
ρ(η)(βk)

)
− J(ξ) ≤ αβkζ(ξ, η)

}
(21)

whenever ψ(ξ) ≤ 0, and otherwise let:
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Algorithm 1 Optimal Control Algorithm
Data: ξ0 = (σ0, s0, u0, w0) ∈ X , α, β ∈ (0, 1), γ1, γ2 > 0.
Step 0. Let (s1, u1) = â(s0, u0), ξ1 = (σ0, s1, u1, w0), and set j = 1.
Step 1. If θ(ξj) = 0 then stop and return ξj .
Step 2. ξj+1 = a(ξj ), where a is defined as follows:

a. Let η̂ = (α̂, t̂, û) ∈ Hξj
be any point s.t. ζ(ξj , η̂) < 0, and let (σ̃j , s̃j , ũj , w̃j) =

ρ(λ(ξ,η̂); ξ, η̂).
b. Given σ̃j , let (sj+1, uj+1) = â(s̃j , ũj).
c. Let ξj+1 = a(ξj ) = (σ̃j , sj+1, uj+1, w̃j).

Step 3. Replace j by j + 1 and go to Step 1.

λ(ξ,η) = max
k∈N

{
βk | ψ

(
ρ(η)(βk)

)
− ψ(ξ) ≤ αβkζ(ξ, η)

}
. (22)

Algorithm 1 describes our numerical method to solve the Multiple Ob-
jective Hybrid Optimal Control Problem. Comparing steps of Algorithm 1
with our Bi-Level Optimization Scheme notice that Step (2b) encodes Stage
1 and Step (2a) encodes Stage 2. Due to limited space and since the focus of
this paper is the application of this algorithm to bipedal walking, we do not
include a proof of the convergence, a derivation of the pieces, or a description
of the implementation of our algorithm but these can all be found in [9, 10].

5 Application

In this section, we illustrate the application of our optimal control scheme
to the identification of a robotic biped model. We focus our attention on the
identification of a model considered in the literature rather than human data
in order to gauge the performance of our algorithm.

The model used to generate this ground truth data is a 2D biped with
knees and a torso for a total of six links. Figure 2 illustrates this model.
Observe that it is a two-mode hybrid system. The two modes denoted rf

and lf arise due to the enforcement of a foot contact point and the model
presumes that only one contact point is enforced at any instant in time. The
configuration space has coordinates Θ = (θrf , θrk, θrh, θlf , θlk, θlh) (we index
these coordinates by i = 1, . . . , 6 for convenience), which means the domain
of each mode has coordinates (Θ, Θ̇) and is a 12-dimensional manifold. Due
to space constraints, we do not include the hybrid system description here
explicitly, but this information can be found online1. We generate a sample
stable walking trajectory from this model by employing numerical integration
and the techniques described in [21]. The ground truth mode sequence and

1 http://www.eecs.berkeley.edu/~ramv/HybridSteppingModel.zip
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rf

Fig. 2 The 2-mode hybrid system employed in this section. The lf (or rf) mode has a
control vector field where the lf (or rf) is constrained.

amount of time spent in each mode can be found in the second row of Table
1. Figure 3 illustrates the sample trajectory that we employ for identification.

To apply our algorithm, we assume that there are two contact points and
that only one is enforced at any instant in time. In doing so we arrive at a
switched system with two vector fields: rf and lf . In practice we know the
initial condition, i.e. x0, of the human data that we wish to track; therefore,
we presume our optimal control scheme is also aware of this initial condition.

Denoting the observed trajectory by (Θ̂(t),
˙̂
Θ(t)), we set the running cost

equal to:

L(Θ(t), Θ̇(t), u(t), t) = 0.001

∫ µf

0

6∑

i=1

(
||θ̇i(t)−

˙̂
θi(t)||

2
2

)
dt. (23)
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Fig. 3 An example stable trajectory for the hybrid system in Figure 2 generated using the
techniques described in [21]. When the lf (or rf) mode is active the trajectory is drawn
in blue (or red).



14 Ram Vasudevan

Observe from the sample trajectories that the transition between different
modes is detectable due to the change in velocity due to impact. Since these
transition points are particularly important, we include objectives at these
transition times t̂ equal to:

φ(Θ(t), Θ̇(t), t) = 0.05

6∑

i=1

(
||θ̇i(t)−

˙̂
θi(t̂)||

2
2 + 5(t− t̂)2

)
. (24)

We constrain Θ ∈ [−π, π]6, Θ̇ ∈ [−30, 30]6, and the total time to be equal
to the length of the sample trajectory. Notice that our dynamics, running
cost, objectives, and constraints satisfy the assumptions required in order to
ensure the convergence of our optimal control scheme.

To evaluate the robustness of our approach, we consider the behavior of our
scheme under a variety of modal sequence initializations. Since it is clear from
the data that there are two steps, we focus on two element mode sequence
initializations. The result of our algorithm under these different initializations
are described in Table 1. Notice that regardless of the modal and transition
time sequences chosen for initialization the algorithm nearly converges to the
ground truth modal and transition time sequences.

6 Conclusion

This paper presents the first steps toward automatically identifying a hybrid
dynamical model for robotic walking from human data. To achieve this goal,
the first half of the paper presented a means to view human walking data in
a way that allowed for the immediate extraction of a robotic bipedal walk-
ing model capable of human-like gait. Unfortunately extracting this model
required solving a combinatorial problem. The second half of this paper ad-
dresses this shortcoming by reformulating the combinatorial problem into a

σ0 w0 s0 σf wf sf Computation Time

(lf, rf) N/A (.445, .445) N/A N/A N/A N/A

(lf, rf) 1 (.445, .445) (lf, rf) 1 (.445, .445) 201s

(lf, rf) 1 (0, .889) (lf, rf) 1 (.445, .445) 222s

(lf, rf) 1 (.889, 0) (lf, rf) 1 (.445, .445) 239s

(rf, rf) 1 (.445, .445) (rf, lf, rf, rf) 3 (.01, .431, 0, .448) 537s

(lf, lf) 1 (.445, .445) (lf, lf, rf) 1 (.424, .02, , .445) 394s

(rf, lf) 1 (.445, .445) (rf, lf, rf, lf) 3 (.04, .463, 0, .406) 568s

Table 1 The results of our switched optimal control scheme using the model described
in Figure 2 and the sample trajectories drawn in Figure 3. The ground truth data is in
the second row, the 0 subscript is the initialization, the f subscript is the result of our
algorithm, and the computation time was determined on an AMD Opteron, 8 core, 2.2
GHz, 16GB RAM machine.
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switched optimal control problem and presenting an algorithm to solve this
problem. To illustrate the validity of this approach, our paper presented an
example where in place of the human data, simulated data was employed.

While the application of this paper was limited to a simple bipedal model,
our result provides a means to automatically extract a model capable of
generating task dependent anthropomorphic periodic motion. That is, if we
are given data of a person walking upstairs or a person running we are able to
construct a mathematical model of this periodic motion that is employable by
a robotic biped. In fact, our method in this instance generates a task-driven
mathematical model of periodic motion comparable to the notion of a central
pattern generator [8]. As such, this result could have important ramifications
to our understanding of both robotic and human periodic motion particularly
for prosthetic design and rehabilitation.
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